The fluctuation dissipation theorem (FDT) is a hallmark of thermal equilibrium systems in the Gibbs state. We address the question whether the FDT is obeyed by isolated quantum systems not necessarily in the Gibbs state. In the framework of the eigenstate thermalization hypothesis, we derive the formal expression for two-time correlation functions in the energy eigenstates or in the diagonal ensemble. They satisfy the Kubo-Martin-Schwinger condition, which is the sufficient and necessary condition for the FDT, in the infinite system size limit. We also obtain the finite size correction to the FDT for finite-sized systems. With extensive numerical works for the XXZ spin chain model, we confirm our theory for the FDT and the finite size correction. Our results can serve as a guide line for an experimental study of the FDT on a finite-sized system.
Introduction-It is a fascinating question to ask when and how isolated quantum many body systems approach the thermal equilibrium state. Recent advances in experimental techniques with ultracold atoms boost research interests, theoretical and experimental, in quantum thermalization [1] [2] [3] [4] [5] [6] . The relaxation of an isolated quantum system into a stationary state has been proved in a broad range of systems and initial states [7] [8] [9] [10] . Thermalization furthermore requires that this stationary state is indistinguishable from the equilibrium microcanonical state.
It is the eigenstate thermalization hypothesis (ETH) that makes a link between the stationary state and the Gibbs state. The ETH is an assumption for matrix elements of local observables in the Hamiltonian eigenstate basis [11] [12] [13] . Under the ETH, expectation values of observables in the Hamiltonian eigenstates coincide with the microcanonical ensemble averages. The ETH has been tested extensively, and is believed to hold in nonintegrable systems [14] [15] [16] . It is confirmed that matrix elements of observables display the statistical properties postulated by the ETH [17] [18] [19] [20] [21] . Thermalization after quantum quench [22, 23] and thermodynamic processes such as the Joule expansion are also understood well in the framework of the ETH [24, 25] .
The fluctuation dissipation theorem (FDT), which provides the universal relation between the response (or dissipation) and the correlation (or fluctuation), is another hallmark of thermal equilibrium states [26, 27] . As equilibrium dynamics is characterized by the detailed balance, the dynamic response function and the correlation function of equilibrium systems are not independent but tightly linked to each other. The FDT has been used to distinguish equilibrium and nonequilibrium dynamics [28] and to measure the temperature of microscopic quantum systems [29, 30] .
There have been growing number of studies on the connection between the quantum thermalization and the fluctuation and dissipation in isolated quantum systems. Foini et al. [31, 32] investigated the relaxation dynamics of an integrable quantum system which is nonthermal. Essler et al. [33] proposed an argument connecting static and dynamic correlations based on the LiebRobinson bound [34] . Srednicki [35] studied a version of FDT for isolated quantum systems which involves the correlation of the expectation values of observables. This in fact corresponds to the classical limit of the full quantum mechanical FDT and has been further investigated in Refs. [36, 37] . D'Alessio et al. [12] demonstrated that the FDT with a single observable is consistent with the ETH. The FDT with two different observables requires an assumption on the behavior of the random variables arising in the ETH, which needs to be verified.
In this Letter, we present an explicit numerical verification and a comprehensive study of the FDT in isolated quantum systems. In the framework of the ETH, we derive a symmetry relation among the quantum mechanical two-time correlation functions, known as the KuboMartin-Schwinger (KMS) condition [27, 38] . Combining the symmetry relation and the linear response theory, we show that an isolated quantum system, not necessarily in the Gibbs state, obeys the FDT in the infinite size limit. Finite-sized systems violate the FDT. We derive the analytic expression for the finite size correction to the FDT. When the energy uncertainty or variance of the quantum state scales as
or is smaller than that, the finite size correction term scales as O(L −d ) with the system size L and the spatial dimension d. We verify our analytic theory with the exact diagonalization study for the XXZ spin chain, equivalently the hardcore boson model, in one-dimensional lattices. We demonstrate the finite size correction to the FDT using the energy eigenstate.
KMS Condition and FDT-A quantum system with HamiltonianĤ is in an initial stateρ i at time t = t 0 .
When a perturbation δĤ = −h(t)B is applied, an expectation value of an observableÂ at time t > t 0 deviates from its unperturbed value. According to the linear response theory [27, 39] , the deviation is given by δA(t) = 2i
The operators are in the Heisenberg picture with respect to the unperturbed Hamiltonian, i stands for the expectation value in the stateρ i , andS
is the two-time connected correlation function. The response function is defined for both t ≥ t ′ and t < t ′ . The causal response function is given by χ AB (t,
with the Heaviside step function Θ(t − t ′ ). Suppose that the system is prepared in the thermal equilibrium state characterized by the Gibbs stateρ i = ρ eq (β) = e −βĤ /Z with inverse temperature β and the partition function Z. Throughout the paper, we set the Boltzmann constant k B = 1. The equilibrium state is stationary so that the correlation function and the response function depend on the time difference t − t ′ . Furthermore, since the Boltzmann factor e −βĤ is equal to the time evolution operator in the imaginary time direction, the correlation functions obey the KMS condition [27, 38] that
or, equivalently,
in the frequency domain. A Fourier transformation is defined byS AB,eq (ω) = ∞ −∞ dtS AB,eq (t)e iωt . Combining the KMS condition and the linear response theory, one obtains the celebrated quantum mechanical fluctuation dissipation theorem
In the classical limit where → 0, it becomes
Integrating over all ω, one obtains the familiar relation χ AB,eq,cl (ω = 0) = βS AB,eq,cl (t = 0)
between the static susceptibility and the equal time correlation function [27] . We stress that the KMS condition in Eq. (2) or (3) is the necessary and sufficient condition for the FDT in Eq. (4) provided that the linear response theory is valid.
FDT from ETH-We address the question whether the FDT holds for a generic nonintegrable quantum system not necessarily in the Gibbs state. In the framework of the ETH, we formulate the FDT with a focus on the KMS condition. Note that the KMS condition can be examined numerically easily, as will be shown later. We will denote Hamiltonian eigenstates and eigenvalues as {|α } and {E α }.
Suppose that the initial state is given byρ i = α p α |α α|. The mean energy and the energy variance are given byĒ = Ĥ i and ∆ 2 E = (Ĥ −Ē) 2 i . Such a state is called the diagonal ensemble which corresponds to the stationary state limit of a pure state |ψ = α c α |α with p α = |c α | 2 [14] . An energy eigenstate |α 0 α 0 | is a special case with p α = δ αα0 . The inverse temperature β of the initial state is determined byĒ = TrĤρ eq (β). LetÂ andB be Hermitian operators for observables. The correlation functionS AB (ω) for ω = 0 is given bȳ
with ω γα ≡ (E γ − E α )/ and A αγ = α|Â|γ , etc.. If the initial state is the equilibrium Gibbs stateρ eq (β), each term inS AB andS BA has the ratio p α /p γ = e β ωγα . Thus, the KMS condition (3) holds identically regardless of characteristics of the operators. For nonthermal states, however, the KMS condition requires a specific property of the operators.
According to the ETH, matrix elements of a Hermitian operatorX in the energy eigenstate basis has the structure
where
is the microcanonical ensemble entropy, R X is a random matrix in the Gaussian unitary ensemble, and X(E) and
* are smooth functions [11, 12] . Using (8) forÂ andB, it is straightforward to obtain that [40]
where R AB (E, ω), called an overlap function, will be explained below and Y AB (E, ω) is a finite-size correction term. It consists of an intrinsic term
arising from the energy uncertainty. When the energy variance scales as
or is smaller than that, we have
The 
with a random variable η AB γα of zero mean. The overlap function is similar but slightly different from the noise kernel of Ref. [12] . WhenÂ =B, it is trivial that R AA (E, ω) = 1. The overlap function reflects a quantum mechanical correlation between two observables, and is a crucial ingredient for the FDT [12] . Its existence will be verified numerically shortly. For Hermitian operators,
. The KMS condition, hence the FDT, can be examined with an indicator function
When the FDT is valid, the indicator function is independent of ω and equal to the inverse temperature β. The analytic result (9) leads to g AB (ω) = β + δβ AB (ω) with a deviation from the FDT given by
It vanishes as
with the system size. Therefore, we conclude that the ETH system obeys the KMS condition, hence the FDT, in the thermodynamic limit.
Numerical test of the FDT and finite size effect-We perform the numerical analysis to verify the FDT and the finite size effect for isolated quantum systems. The indicator function g AB (ω) in (12) is a useful measure. If the FDT is valid, it should be a constant equal to the inverse temperature. In this work, we focus on the energy eigenstate initial state with ∆ 2 E = 0. We study the spin-1/2 XXZ spin model with nearest and next nearest neighbor couplings in the onedimensional chain of L sites under the periodic boundary condition [15, 16] .
The Hamiltonian is given byĤ = 1 1+λ
z lσ z m with the Pauli matrices. The system is nonintegrable with nonzero λ. We focus on the subspace in which states have zero magnetization and are invariant under the translation, the spatial inversion, and the spin reversal. We first diagonalize the Hamiltonian and select the energy eigenstate |α T whose inverse temperature is closest to a target value β T . We then evaluateS AB (ω) in (7) by summing over all the eigenstates with E γ − E αT ∈ [ω − ∆ω/2 : ω + ∆ω/2] for a discrete set of ω's in unit of ∆ω [40] . We also take the average over the initial states |α within the interval |E α − E αT | < ∆ω/2 to reduce a numerical uncertainty. We set = 1 and fix J = 1, ∆ = 1/2, λ = 1, and ∆ω = 0.2 in numerical calculations.
Firstly, we present the numerical results for singleoperator cases (Â =B).
We chooseÔ 1 = lσ z lσ z l+1 [nearest neighbor interaction energy] and
The indicator functions are shown in Fig. 1 . There are noisy fluctuations, which weaken as L increases. For a quantitative analysis, we measure the mean value of the indicator function g(ω) in the interval 1 < ω < 5. It is denoted as β FDT , and plotted as a function of β T in Fig. 2 . For the operatorÔ 1 , the plot tends to align with the line y = x as L increases. This may be regarded as a numerical evidence for the FDT. However, the systematic ω dependence of g(ω) in Fig. 1 and a rather conspicuous deviation forÔ 2 in Fig. 2(b) may make the general validity of the FDT questionable.
We also perform the analysis for two-operators cases withÂ =Ô 1 andB =Ô 2 orÔ 3 ≡ l (σ
We evaluate the FDT indicator functions at the energy eigenstates with β T = 0.1, 0.3, and 0.5. The numerical results for the largest system size L = 24 are presented in Fig. 3(a) and (b) . The indicator functions exhibit intermittent fluctuations and seem to deviate from β T significantly. We will show that the apparent deviations observed in Figs. 1 and 2 are indeed the finite size effect.
Our theory predicts that the indicator function should suffer from a finite size effect described by (13) . In the energy eigenstate with ∆ 2 E = 0, only the intrinsic term 
Y
(1) contributes to the finite size effect and the deviation from the FDT is given by [40]
(14) WhenÂ =B, the overlap function R AA (E, ω) = 1 and the correction term becomes
The function f A (E, ω) determining the fluctuation amplitude of offdiagonal matrix elements in the ETH can be evaluated numerically. We explain our numerical method in Supplemental Material [40] . For L = 24, we evaluate δβ in (15) numerically, and compare the indicator function g and thus-obtained β +δβ in Fig. 1 . The two curves g(ω) and β + δβ are in good agreement. We also test the finite size effect forÂ =B. The overlap functions are evaluated at the energy values corresponding to the inverse temperature β = 0.1, 0.3, and 0.5 [40] . They are plotted in Fig. 3(c) and (d) . Using the numerical data, we can evaluate the finite size correction term in (14) . Figure 3 (a) and (b) show that the indicator function and the finite size correction theory are in excellent agreement. The overlap function R 12 (ω) has zeros, at which the correlation functionS 12 (ω) ∝ R 12 (ω) also vanishes. The intermittent fluctuations in g 12 (ω) occur near the zeros. R 13 (E, ω) varies more rapidly with β at small values of ω, explains the strong finite size effect for g 13 (ω). We have also investigated the FDT, the finite size effect, and the overlap functions for five different observables. The complete set of numerical data can be found in Supplemental Material [40] .
The function f and R may scale with the system size L [21, 41 ]. An overall scale factor, if any, cancels out in taking the logarithmic derivative in (14) . Because the derivative is taken with respective to the extensive quantity E = O(L d ), the correction term scales as
. Therefore, we conclude that our numerical data confirms the FDT in the infinite size limit.
Discussions and summary-The FDT plays crucial roles in various fields of condensed matter physics, since it can be used to extract information on the response to an external perturbation from equilibrium fluctuations. Our result can serve as a theoretical foundation of the FDT for pure quantum states beyond the conventional setup with the Gibbs states. This is particularly relevant to ultracold atoms, for which the FDT has been experimentally investigated [29, 42] . For example, in Ref.
[42], the magnetic susceptibility is obtained from measurements of equilibrium fluctuations. We expect that the FDT is also experimentally useful for temperature measurements of isolated systems, as is numerically confirmed in the present work.
Verifying the FDT experimentally in isolated quantum systems is a challenge. The KMS condition, explained in this work, can be tested in an experiment with a frequency-resolved measurement of correlation functions. Suppose that the energy variance is negligible. Combining (9) and (14) and eliminating the microscopic overlap function, the finite size correction term δβ AB can be rewritten as
which involves the quantities experimentally accessible. Our theory for the finite size correction will be useful in an experimental study because experimental system sizes available are definitely finite [4, 5] . This work is supported by the National Research Foundation of Korea (NRF) grant funded by the Korea government (MSIP) (Grants No. 2019R1A2C1009628 (JDN) and No. R2017R1D1A09000527 (JY)). TS is supported by JSPS KAKENHI Grant Numbers JP16H02211 and JP19H05796. TS is grateful to Takeshi Fukuhara and Shuta Nakajima for valuable discussions.
proach to Equilibrium and Non-Equilibrium Scaling Behaviour (Cambridge University Press, Cambridge, 2014 Applying the ETH to the operatorsÂ andB, one can writē
The energy eigenvalues are densely distributed for large system sizes. Thus, one can replaces γ with dE γ D(E γ ) with the density of state function D(E γ ) = e S(Eγ ) . The individual matrix elements of R A and R B are random variables with zero mean and unit variance [11, 12] . On the other hand, R 
for Hermitian operatorsÂ andB. WhenÂ =B, R AA (E γα , ω γα ) = 2δ αγ + (1 − δ αγ ). Then, the correlation function can be written asS
with the auxiliary function
We proceed with small
The entropy term becomes
On the other hand, we have
We put the above two equations into Eq. (S3) and expand the exponential in powers of δE α . We then reexponentiate it after averaging over the initial distribution given by p α to obtain
2 is the energy variance of the initial state. Now we note that β = (∂ĒS) is the inverse temperature at the energyĒ in the microcanonical ensemble, which is an intensive quantity. If we expand the quantities in Eq. (S7) aroundĒ, each derivative with respect toĒ contributes a factor of O(L −d ). We can therefore writē
AB (E, ω) with
Notice that Y
AB involves the partial derivative of the scale-independent quantities with respect to the extensive
AB is nonzero only when the initial state has an energy uncertainty with nonzero ∆ 2 E. In addition, it involves the partial derivative with respect to the energy twice. Thus, it scales as Y (2)
Therefore, in the infinite system size limit, the correction term Y vanishes and the correlation function becomesS AB (ω) = 2πe 1 2 β ω Q AB (Ē, ω), which obeys the KMS condition.
NUMERICAL METHOD FORSAB AND RAB
In this section, we explain the numerical method to evaluate the correlation functionS AB and the overlap functions R AB . As a prerequisite, we assume that the complete set of energy eigenstates {|α } and the matrix elements forÂ andB in the energy eigenstate basis are ready.
We will evaluate the correlation function defined in (7) at discrete values of ω n = (n+1/2)∆ω with n = 0, ±1, ±2, · · · . It is given byS AB (ω n ) = 1 ∆ω ωn+∆ω/2 ωn−∆ω/2 dωS AB (ω), and can be evaluated as
If the system is in an energy eigenstate represented byρ i = |α 0 α 0 |, then p α = δ αα0 . In the main text, we investigate the correlation function for the energy eigenstate. In order to reduce fluctuations, we choose p α = constant for |E α − E α0 | < ∆ω/2 and p α = 0 otherwise. The functions f A (E, ω) and R AB (E, ω) for ω = 0 determine the statistical properties of offdiagonal matrix elements of observables in the energy eigenstate basis in the context of the ETH. We explain our method to evaluate those functions at discrete values of E and ω in units of ∆ω. We first construct the table D(E n ) by counting the number of energy levels |α 's within the interval E n − ∆ω/2 ≤ E α < E n + ∆ω/2. It is related to the microcanonical ensemble entropy through D(E n ) = e −S(En) . Then, we separate all pairs of energy eigenstates into discrete sets, each of which is characterized by (E n , ω m ) and consists of pairs of eigenstates satisfying
It may be helpful to imagine a two-dimensional (E α , E γ ) plane as shown in Fig. S1 . All pairs of eigenstates characterized by (S12) lie within a cell, which will be denoted as c n,m . We remind the readers that E γα ≡ (E γ + E α )/2 and According to the ETH, an offdiagonal elements of an observableÂ is given by
where R A γα = (R A αγ ) * has the same statistical property as the Gaussian random variable with zero mean and unit variance [11] . Using the statistical property of R A , one can isolate the amplitude of f A by calculating
where |c n,m | is the number of pairs within cell. The factor D(E n ) cancels the entropy factor. The overlap function R AB (E γα , ω γα ) for R A αγ R B γα can be also constructed by calculating
Note that f A (E, −ω) = f A (E, ω) * and R AB (E, −ω) = R AB (E, ω) * for Hermitian operators. In the numerical study for the XXZ spin chain, we have considered the five different operators:
There operators are Hermitian and even under the time reversal. Thus, f A and R AB are real valued functions. The three operatorsÔ 1 ,Ô 2 , andÔ 3 are considered in the main text. We evaluate the correlation functionsS AB for the operatorsÂ,B =Ô i using the method explained above, and then calculated the indicator functions g ij (ω). We take the energy eigenstate |α T as the initial state whose inverse temperature is closest to the target values β T = 0.1, 0.3, and 0.5. In order to reduce a statistical fluctuation, we also perform the calculations for the initial states |α within the energy interval E T − ∆ω/2 < E α < E T + ∆ω/2, and take the average over them. All the numerical data at system size L = 24 are plotted in Fig. S2 along with the finite size correction form β = β + δβ ij . In Fig. S3 , we also present the plot of |f i (ω)| 2 and R ij (E, ω) as a function of ω at the energy values corresponding to β = 0.1, 0.3, and 0.5. 
